Abstract. Two-species prey-predator diffusion models with periodic coefficients and continuous time delays are investigated. We derive sufficient conditions that guarantee the existence of positive periodic solutions which are globally asymptotically stable.
Introduction
In [2], Freedman and Wu considered a single-species population model in which the growth rate responses to changes in its density and depends on the past history of the species in a periodic manner. They showed that if the self-inhibition rate is sufficiently large compared to the reproduction rate, then the model equation has a globally asymptotically stable positive periodic solution.
In [12] , Zhang and Chen considered a single species population model in which the species is allowed to have two patches for living and migration, and the growth rate of the species in each patch depends on the past history of the species. Again, they derive sufficient conditions that guarantee the existence of a positive periodic solution which is globally asymptotically stable.
In [11] , Zhang and Chen considered a two-species coorperative population model in which both species are allowed to have two patches for living and migration, and the growth rate of the species in each patch depends on the past history of the species. Again, they derive sufficient conditions that guarantee permanence and global stability.
In [13] , Zhang et al. considered a two-species competition model in which one species is allowed to have two locations for living and migration, while 434 H.-F. Huo, W.-T. Li, S. S. Cheng the other species is confined to one of the locations and its growth rate depends on its past history. They obtained sufficient conditions that guarantee the uniform persistence of the two-species and also global asymptotic stability of positive solutions.
In this paper, we consider two two-species prey-predator models which are similar to that in [13] . However, nonlinear inhibition and periodic data will be assumed, and we will be able to show the existence as well as the global asymptotic stability of periodic solutions.
Before we specify our models, it is perhaps helpful to list some of the earlier ones. First of all, May in [14] suggested a two-species model
for describing interactions of mutualists, where x(t) and y(t) are the densities of the species at time t, and 7*1,7*2,01,(12,61,62,01 and C2 are positive constants. Note that the constants 7*1 and 7*2 are related to the net birth rate, while the constants ci and C2 are related to the self-inhibition rate. Then Takeuchi in [8] suggested a one-species multi-patch model of the form
3=1
where the second term on the right hand side describes the diffusion effect between the population in different patches. Note that the net exchange from the j-th patch to the i-th patch is assumed to be proportional to the difference Xj of population densities in each patch. In [2], Freedman and Wu introduced a single species model with time delay
The delay in the term c(t)x(t -r(t))
is a delay due to gestation. In the same paper, they suggested another modified equation of the form
where the integral denotes a continuous distributed delay. Finally, in [13], Zhang et al. considered a two-species competition model of the form In this model, xi(t) and y(t) are the densities of the first species and the second in patch 1, and x2 (t) is the density of the first species in patch 2 at time t. The diffusion rates are assumed to be time dependent while the growth rate of the second species is assumed to be dependent on its past history. We will propose a model which is similar in structure to that 
Assumptions
In (1), we will assume that Xj(i) = ipi(t) > 0 (i -1, 2), y(t) = </?3(i) > 0, and ipi(t) > 0 (i = 1,2,3), for -r < t < 0. The functions ki(s), (i = 1,2) denote nonnegative piecewise continuous functions defined on [-r, 0] (here 0 < r < oo) and normalized such that o \ ki(s)ds = 1, i = 1,2.
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The functions r-j(i), a,ij(t), (1 < i < j < 3), a34(i), di(t) (i = 1,2), and e(t) are assumed to be continuous, positive and w-periodic functions. The constants a and (3 are positive, while di(t) (i = 1,2) are the time dependent diffusion coefficients between two patches for the first species. Finally, the number fj, will either be +1 or -1. When /i = +1, we are thinking of a model in which the time delay is positive. Such time delay is due to factors such as gestation (see Freedman and Wu [2] ). When n = -1, we are thinking of a model subject to deleterious effect (see Kuang and Smith [5] ) which causes a passive delay. For the sake of convenience, we set forth several notations that will be used throughout this paper. The notation (x,y) stands for (xi,x2,y). The positive cone in R 3 is defined to be
and we write (x,y) > 0 or (x,y) G R+ if £i > 0, X2 > 0 and y > 0. The norm of (x,y) G R± is defined as ||(a;,?/)|| = max{xi,x2,y}. We will set
is a continuous and bounded function. We define C + as
while for 0 < 8 < 77, we set
Given A G R and (P 6 C+, it is easy to see [3] that there is a maximal interval [a, T) and a unique solution (x(a, ip)(t),y(a, ip)(t)) of (1) on this interval and passes through (a, ip) at t = a. Moreover, as can be seen in the next result,
. Such a solution of (1) is called a positive solution of (1).
LEMMA 2.1. The cone R+ is positive invariant with respect to (1), that is, for any solution (xi(t),x2(t),y(t)) of system (1) with positive initial data (<PI(t),<P2(t),<PI(t))
> 0 for -T < t < 0, we have (
Indeed, for t G R and (x, y) G by (1), we have 
+034(i) j h(s)y(t + s)ds]dt\ > 0.
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So each component of the solution (xi(t),x2{t),y(t)) with positive initial data <P2(t), > 0 for -r < i < 0 must be greater than zero. Otherwise, there is a T > 0 such that one of x\(T), X2(T) and y(T) is equal to zero. If xi(T) = 0 or x2(T) = 0,then x[(T) < 0 or x'2(T) < 0, which contradicts (2). If y{T) = 0, then
which is a contradiction.
The case ¡j, = +1
Our object in this section is to establish sufficient condition for system (1) to have a positive periodic solution which is globally attractive. We will assume throughout this section that /z = +1. (1) 
are uniformly bounded (UB) and uniformly ultimately bounded (UUB).
Proof. By o^ > aff+1 (i = 1, 2,3), there exist p > 1 and H > 1 such that It follows from the theorem of Lyapunov-Razumikin-type (see Hale [3] , p.133-134) that positive solutions of system (1) are UUB. For H > H, let (x(t),y(t)) = (xi(t),x2{t),y(t)) denote the solution of system (1) through (a, (p) at t = a, where <p e C+ and 0 < (p(0) < H for 0 € [-r, 0] and a E R, we claim that ||(oe(i),y(i))|| < H for all t > a. Otherwise, there exists a t> a such that Using (4) and (5) It follows from (3) that D + V(x(t),y(t)) < 0, which contradicts (6) and therefore, the uniform boundedness of the positive solutions of system (1) follows, that is to say, the positive solutions of system (1) are UB. Our proof is complete.
The following results describe a dissipative property of system (1), which is essential for our main results. Proof. We first verify the statement (i). For given 0 < 6 < 77, Lemma 3.1 implies that there exists a constant D > 0 such that 
' <(t) = ui(i) [-n(t) + au(t)^ -a12(t) S°_T k^s)
+ tï(f)+/3îfe. ~ (*)«?(*) (¿i) -' u'2(t) = u2(t) [-r2 (t) + a22(t)^ -023(i) S°r W (ïèj -î^tj).
«'(i) = = v(i) f-r3(i) + a33(i)^ -a34(<) tr h(s)^ ds
In view of (9), it is easy to see that if the positive solutions of system (10) is UB, then (8) holds. We will thus show that the positive solutions of system (10) are UB and also are UUB. Set
V{ui{t),u2{t),v{t))
= max{ui(i),u2(f)Xf)}.
Calculating the upper derivative of V along the positive solutions of system (10), we have the following possibilities: (ft)
<v(t)(-r3(t)-e(t)% + a33(t)^) < (a&)v(t)D.
Let P = max{aff + from (11), (12) and (13), we have
It is easy to see that there exist positive constants e and H such that ' -n(t) + (an{t) + a)/H < -e, From (13), (14) and (15), we see that for any to > cf, there is a t\ > to such that V(t\) < H. Otherwise, V(t) tends to infinity, which contradicts (15). If, for large t, V(t) > k, then there exist t\ and t 2) where t 2 > h > a such that
Since (14) 
^ --T-3(*2)+ , -034(^2) J ds-e(t 2 ) ,.<-e<0, v(t 2 ) _ T v[t2 + s) Ui{t 2 ) + (3 Ui{t 2 )
and hence D + (8) and (7). We now turn to statement (ii). From Lemma 3.1, the positive solutions of system (1) are UUB. We know that there exists a constant M > 0 such that for given 0 < 6 < rj, there is a constant Ti(£, 77) > 0 such that (xi(a,<p) 
V(t 2 ) < 0, which contradicts (16). Thus V(t) < k for all
(t)<M,i = 1,2, \y((r,<p)(t)<M,
for any a € R, p € C+ [<5, rj\ and t > a + T\. On the other hand, utilizing the same approach as above in Lemma 3.1, we can prove that the positive solution of (10) are UUB. So for given 0 < rj < <5, there is a constant T 2 (rj,S) > 0 such that
for any a € R, ip E C+ [rj, <5] and t > a + T 2 . In particular, let
Then by (9) and (18), we obtain (19) m < Xi(a, <p)(t), m < y{a, <p)(t), i = 1,2, t>a + T 2 .
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Let T = max{Ti, T2}, combining (17) with (19), the statement (ii) is proved. The proof is complete. 
Set
\\yi(a,(p){t),y 2 (a,ip)(t),y 3 (a,(p)(t)\\ < B.
for all a e R, ¡p{d) = In <p(6) € C and ||<p(0)|| < a. So the solutions of (21) are UB. By similar reasonings, the conclusion that the solutions of (21) are UUB can also be obtained. The details are omitted. Indeed, by Lemma 3.3, the solutions of system (21) are UB and UUB. Using Theorem 0.4.2. in [1], it follows that there is a w-periodic solution of system (21). Therefore system (1) has a positive w-periodic solution.
Now we consider the global stability of the periodic orbit of system (1). Here, the positive u;-periodic solution (x*(t),y*(t)) = (xl(t),x2(t),y*(t)) of system (1) is said to be globally asymptotically stable if an arbitrary positive solution (x(t),y(t)) = (xi(t),x 2 (t),y(t)) of system (1) satisfies
Note that if (x* (t), y* (t)) is globally asymptotically stable and w-periodic, then it must be unique. Proof. By Theorem 3.1, system (1) has a positive w-periodic solution (x*(t),y*(t)). Let (x(t),y(t)) be a positive solution of system (1) 
JfìVÌV)] •
Since (x*(t), y*{t)) is bounded above and below by positive constants, it suffices to show that the zero solution of system (24) 
Now consider di{t) for the following three cases: 
-1|).
Therefore, by the asymptotically stability theorem of Lyapunov-Razumikintype (see Hale [3] , p.127), we obtain that the zero solution of system (24) is globally asymptotically stable, that is to say, the w-periodic solution (x*(t), y*(t)) of system (1) is globally asymptotically stable. The theorem is proved.
4. The case fi = -1 Now we investigate the existence and global stability of periodic solutions of system (1) when /x = -1. Results similar to those in Section 3 can be obtained. To avoid unnecessary repetitions, we omit their proofs. 
Conclusions
Our main results, Theorems 3.1 and 4.1, indicate that diffusion of the first species has no effect on the existence of positive periodic solutions of system (1). Theorem 4.1 also implies that the passive time delay will not jeopardize the existence of a positive periodic solution. Theorems 3.2 and 4.2 imply that if the diffusion rate of the first species is not large, then the positive periodic solution is globally asymptotically stable.
